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Professor  Leuschner  has  made  a  theoretical  investiga- 
tion of  the  effeot  of  parallax  on  an  orbit  and  has  given 
formulae  for  the  elimination  of  the  parallax  which  are  inde- 
pendent of  the  geocentric  distances.  The  purpose  of  this  in- 
vestigation is  to  make  numerical  tests  of  these  formulae. 

The  parallax  to  be  considered  is  twofold:  geocentric 
and  barycentrio.  Geocentric  parallax  is  the  angle  at  the  body 
subtended  by  the  radius  of  the  earth  drawn  to  the  point  of  ob- 
servation. Barycentrio  parallax  is  the  angle  at  the  body  sub- 
tended by  the  distance  from  the  center  of  the  earth  to  the 
center  of  mass  of  earth  and  moon.  The  barycentrio  place  enters 
into  the  problem  by  virtue  of  the  fact  that  the  equations  of 
apparent  motion  of  the  Sun 


by  means  of  which  X"  Y"  and  Z"  are  eliminated  from 
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as  origin 


referred  to  the  center  of  mass  of  the  earth  and  moon 

^     If   /   7»  "     "t      jUm^La^*   S)/^A4     /«.  hl^Ctj^^L^.    %> 

i\ or  IflutT- 


Both  of  these  parallaxes  consist  of  two  parts  -  a  systematic 
and  a  variable  part.  The  variable  part  is  equal  to  the  differ- 
ences of  the  parallax  corrections  for  the  three  dates  of  ob- 
servation. 

For  a  partial  elimination  of  parallax  only  the  syste- 
matic part  is  eliminated  by  applying  the  following  corrections 
to  the  Solar  Coordinates  for  the  Middle  Date: 


*  *  A  ^ 

(&•)   AT  =  i  &  fa«*  *~i  -  fa  A 


£  -  -p  A 

3?or  a  complete  elimination  of  the  parallax  two  correc- 
tions are  applied  to  the  solar  velocities  in  addition  to  the 
corrections  given  by  (a).  The  first  correction  is  AX^  A^J,4ij' 
which  is  obtained  from  the  AXV  jCPf,  A  £  of  the  three  dates  by 
a  formula  similar  to  that  given  for  <*.+  in  the  Publications  of 
the  Lick  Observatory,  Vol.  Vll. 


~ 
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The  second  correction  to  be  applied  to  the  solar  velocities 
is  one  involving  a  quantity  0  which  is  defined  as  follows: 

O   -4 


V 

s,  a,  P  and  P1  are  auxiliary  quantities  depending  on  the  solar 
coordinates  and  their  corrections,  the  comet's  right  ascen- 
sion and  declination  and  the  intervals.  This  correction  de- 

pends, in  the  main,  upon  the  second  differences  of  the  ^X,  A  X  Zi  2 

£"  -?7"  i  " 
and  is  necessary  to  refer  -tfte  expjpsfrHlon  (a4  to  the  center  of 

the  earth.  The  corrected  solar  velocities  become 

)  -   XJ  -t-  A  X,  4   -C^y  « 

»)  -  X'  t  A  ^'  t 


The  solar  coordinates  and  velocities  used  above  refer 
to  the  center  of  the  earth  as  origin.  Corrections  must  also 
be  applied  to  the  solar  coordinates  and  velocities  in  order 
that  they  may  be  referred  to  the  center  of  mass  as  origin.  Let 
/YX  A  \  A  £  be  the  corrections  necessary  for  elimination  of 

4   i   4  >    d 

the  geocentric  parallax  of  the  observed  body  (formula  (a)); 

AX  A  Y  ;  A  2  f°r  t^6  baryoentrio  parallax  of  the  body.  These 
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are  also  obtained  from  formulae  (a)  with  the  exception  that  the 
barycentrio  parallax  factors  are  used.  These  factors  are 


^r>  -  <J.t  I  /u**  $  w?  S,  t+v  (<*-<*,)  -  c*o  $  s^  8, 
These  formulae  are  derired  from  the  formulae  for  any  correction 
to  PV  and  $  *.  c*(  and  S,  are  the  moon's  right  ascension  and 
declination  at  the  dates  of  the  observations. 


f 


Corrections  J^X^Y^  ^for  barycentrio  parallax  must 
also  be  applied  to  the  Solar  coordinates.  The  Solar  coordi- 
nates X,  Y  and  Z  referred  to  the  center  of  mass  as  origin  are 
equal  to  the  coordinates  referred  to  the  center  of  earth  plus 
the  coordinates  of  the  center  of  the  earth  referred  to  the 
center  of  mass.  Let  d  be  the  distance  of  the  center  of  mass 
from  the  center  of  the  earth.  Let  ox  and  §  be  the  coordi- 
nates of  the  moon  and  as  the  center  of  mass  lies  in  the  line 
joining  the  center  of  the  moon  with  the  center  of  the  earth, 

*Publ.  L.  0.  Vol.  Vll,  part  7,  page  11,  formulae  (15). 
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the  rectangular  geocentric  coordinates  of  the  center  of  mass 
are 

r  A 

2-  =  <L 

The  coordinates  of  the  center  of  the  earth  referred  to  the 

V 
center  of  mass  as  origin  are  equal  to  (\)  with  opposite  signs. 


Therefore 


A/X  -  -  /,  c^j  S, 


The  ralue  of  the  distance  d^  is  obtained  from 

X,  -   ^  -J±<  — 
"i    l+ f*-i 

where  <1T  and  ^  are  the  mean  equatorial  horizontal  paral- 

_      _..  ,,        ,  m   mass  of  the  moon 

laxes  of  the  sun  and  aoon.  ^  -  -  -  mag,  of  the  earth' 

Therefore  d^  *  6". 4375. 

The  corrected  solar  coordinates  corresponding  to  the 
elimination  of  the  geocentric  and  barycentric  parallax  ia  the 
coordinates  become 

fckTtr 


A,  2: 


i* 


.* 
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In  order  that  the  solar  relocities  be  referred  to  the  center 
of  mass  correction*  ApC^  A^AjVdwiYtd  from  formulae   (b) 
using  AA  A  Yi  A  2-  from  t$)   forthree  dates  are  applied. 

•o  t    <3  '   3  » 

It  is  evident  of  course  that  the  complete  elimination 
of  geocentric  and  barycentrio  parallax  should  gire  the  same 
results  as  if  the  observations  had  been  corrected  beforehand 
for  parallax  on  the  basis  of  the  known  value  of  D  (the  geo- 
centric distance)  and  the  proper  parallax  factors. 

In  order  to  test  the  effect  of  the  parallax  corrections 
on  an  orbit  and  ia  order  to  test  the  formulae  for  the  elimi- 
nation of  parallax  the  following  orbits  hare  been  computed 
and  compared.  All  of  these  orbits  are  based  on  the  same  three 
obsenrations  of  comet  a  1909  (Daniel). 

1909  Or.  I*.  T.  *  (1909.0)          %  (1909.0) 

I.  June  16.5306  25«  231  38". 00  +  29°   58'  25". 00 

II.  June  18.9809  27  12  29  .00  +33   25  22  .00 

III.  June  21.9659  29   27   51  .00  +  37   25  17  .00 

The  computation  has  been  carried  only  to  the  heliocentric  coor- 
dinates and  velocities,  these  being  the  first  comparable  quan- 
tities in  the  orbits. 

Orbit  1   -  Geocentric  parallax  partially  eliminated  by 
correcting  Solar  coordinates  of  the  middle  place  -  computed 
by  Dr.  Crawford. 

Orbit  11  -  Geocentric  parallax  fully  determined  using  Dr. 


-  7  - 


Crawford1 •  parallax  factors  and  geocentric  distance*. 

Orbit  111  -  Geocentric  parallax  completely  eliminated  by 
the  formulae. 

Orbit  IV  -  Parallax  entirely  neglected. 

Orbit  V   -  Geocentric  and  baryoentrio  parallax  completely 
eliminated  by  the  formulae. 

Orbit  VI  -  Ob serrations  corrected  for  geoaentrio  and  bary- 
oentrio parallax. 
Details  of  the  computation: - 

Orbit  1   -  This  orbit  was  computed  by  Professor  fjrawford 
and  published  in  Lick  Obserratory  Bulletin  Kumber  159.  The 
right  ascensions  and  declinations  were  used  as  given  aboye 
without  change.  The  Solar  coordinates  for  all  three  dates  and 
the  Solar  velocities  for  the  middle  date  were  interpolated 
from  the  Nautical  Almanac  - 

X  Y  2 

I  June  16.5306     +  0.0854344  +  0.9238751  +  0.4029449 

II  June  18.9809     +  0.0440423  4-  0.9314663  +  0.4040708 

III  June  21.9659     -  0.0064722  +  0.9324818  *  0.4045127 

X.'          X'          Zo' 

11   June  18.9809       9.992630,,    8.630115      8.268346 

n 

The  geocentric  parallax  is  partially  eliminated  for  the 
second  dates  by  formulae  (a). 
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AX,-  0.0000073     £Y0+  0.0000320  A  %-  O.OOO0123 

The  ae  corrections  are  applied  to  X,  Y  and  Z  of  the  middle 
place.  Then: 

X  +  0.0440350       Y.  +  0.9314983  Z  -I-  0.4040585 

o  •  • 

Orbit  11  -  The  right  asoensione  and  declination*  at  the 
three  data*  were  corrected  for  geocentric  parallax  on  the 
basis  of  the  geocentric  distances  derived  in  Orbit  1.  The  par* 

* 

allax  corrections  are  as  follows: - 

1          11          111 
£"  -  7«.78      -  8". 18       -  8. -65 
p^"  +  6  .96      *  3  .18       *  3  .14 
The  corrected  observations  are:- 

1  11          111 

2fi«  28  •  30". 22  27«  12*  20". 82   29*  27 •  42". 35 
S   +  29  58  30  .96  +33   26  25  .18  437  25  20  .14 
These  were  made  the  basis  of  the  calculation  together  with  the 
Solar  Coordinates  X,  Y,  Z  as  interpolated  from  the  Bphemeris. 

Orbit  111  -  Based  on  the  same  values  of  <*  and  S  as  in  Orbit 
1.   The  Polar  coordinates  for  the  middle  date  corrected  as 
in  Orbit  1  in  addition  A,*,  A,Y,A,^  w«re  computed  for  the  first 
and  third  dates.  The  three  sets  of  corrections  are  as  follows; 
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A,X,  -  0.0000010  A,Y,  +  0.0000335  A(Z   -  0.0000235 

AXo-  73  /1Y0+  320  A(  Zo  -  123 

A  X   -  82  AT*  332  A  Z  -  120 

I         *S  -).,.. 

From  thse  their  velocities  by  formulae    (b)   are  computed: 
k*   AXo»      5.9542^  k«    AY0»      4.9547^  &*  A  Zo«      6.1719 

In  addition     e>  was  computed  by  formula   (o).     The  resulting 
ralues  of  XJ  ,  Yo»   and  Z]    from  (d)   are  as  follows; 

XL      9.992280  Y»      8.634617  Z1      8.286768 

7)  t>  a 

Orbit  IV  -  The  right  ascensions  and  declinations  as  im 
Orbit  1  and  the  Solar  Coordinates  uncorrected. 

Orbit  V   -  The  right  ascensions  and  declinations  are  taken 
as  in  Orbit  1.  The  solar  coordinates  for  the  three  dates  are 
corrected  for  their  barycantrio  parallax  and  the  geocentric 
and  barycentric  parallaxes  in  the  observed  places  eliminated 
by  (h).  The  corrections  applied  to  the  Solar  coordinates  are: 

1. 

AX   -  O.OO00010  AY+   0.0000335  AZ.  -  0.0000235 

I  ^|     " 

A^X,  -                   91                AY,  -  189  £  ^  -  2 

90                A^Y   -  275  A  Z  +  117 

11. 

73                AY0+  320  AtZ0-  123 

168                &Y,  -  269  A.Z.  -  71 

f                   86                AY  -  269  /sZ  +  132 
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111. 

(X(  -  0.0000082      A.Y,,,*  O.OOO0332  '-1A~  O.OOOO120 

X  -       214      AY-       276  A  Z  •       129 

V  k,                               *  »i  l>  "' 

X  +       251      AY>-       158  AZ         97 


The  solar  coordinates  become: 

X,  •»•  0.0854153        Y(+  0.9288622         Z,  +  0.4029329 
X,-*-  0.0440268        Y0  *  0.9314445         Z,  +  0.4040646 

X  -  0.0064767        Y  +  0.9324716         Z  +  0.4044975 

IM  ">  HI 

The  solar  relocities  are  referred  to  barycentrio  plaoe  by  means 
of  the  ^X(  A  Y  AJ^  8iTen  aD°^«.  Using  formula  (b). 
&.  4  X»   6.5731      ^*  AY0»    6.0223      /^»  ^  ^'   5.0486^ 
The  Solar  yelocities  which  are  referred  to  the  center  of  mass 
ara  corrected  for  geocentric  and  barycentrio  parallax  using 
formula  (d). 


6.3630^     V^Y»*    S^7^^      4u  AZ0»   4.8886 

6.6934 


*        ( 
The  solar  relocitieB  are  as  follows: 

(X,1)  9.992142^      (Y«)   6.634969         (Z^)  8.284648 
Orbit  VI  -  The  right  ascensions  and  declinations  at  the 
three  dates  are  corrected  for  geocentric  and  barycentrio  paral- 
lax on  the  basis  of  the  geocentric  distances  deriyed  in  Orbit 
1.  The  parallax  corrections  are  as  follows: 
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1. 

11. 

111. 

-  13".  08 

-  15*.  36 

-  15«.51 

+      5    .92 

*     1.   37 

+     0   .25 

The  corrected  obserrationa  are 

1.  11.  111. 

25*  28*  24".  92       27"  12'  13».64     29»  27»  35".  49 
S  +  29  58  30  .92     +  33  26  23  .37   +  37   25  16  .75 
The  solar  coordinates  are  referred  to  barycentric  place  by 
applying  the  correct  ioms 

A  X  +  0.0000086       AY-  0.0000269    4  Z  +  0.0000132 

o  o  c 

The  solar  coordinates  are  as  follows* 

X  +  0.0440509         T  +  0.9314394      Z  +  0.4040840 

i/  o  o 

The   solar  velocities  are  referred  to  barycentric  place  by 
appluing  the  corrections 

*>       6.5731  ^Y,'      6.0223          ^  A   Z,'     5.0486 

The  solar  velocities  then  become 

&«  X,'   9.992465^     I**  %'   8.631185    ^  Z/  8.268084 

'  Cxrz^oA,'          V 

The  following  values  of  the  heliocentric  coordinates  and 
velocities  are  obtained  for  the  different  orbits. 
In  numbers. 
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1.        11.        111.        IV.        V.        VI. 
X  40.668778  +0.6697OO  +0. 669871  4-0.668780  +0.669562  +0,669853 

a 

Y*  -0.565036  -0.564561  *0. 564782  -0.365000  -0.564584  -0.564489 

Z0  +0.125224  +0.125908  +0.125589  +0.125217  +O. 125793  +0.125997 

X^  +0.446200  +0.443864  +0.445037  +0.446198  -0.443721  +0.443432 

Y'  +0.347541  +0.347166  +0.347367  +0.347548  +0.347165  +0.347085 

0 

Zl  +1.393368  +1.393785  +1.393542  +1.393387   +1.393897   +1.393841 

The  following  comparison*  are  of  particular  interest. 

VI -V  VI -IV          1-1V 

X,     +  291         +  1073         -  2 
Y^     +  101         +517         +36 

20     +204        +760        +7 
X0'     -289         -  276S        +  2 

.  -     T'      -    85          -   463          -   i 

• 

2'      +  216         +   454         -  19 

• 

The  differences  between  Orbit  IV  and  Orbit  vl  show  that 
Orbit  IV  is  correct  only  to  two  places.   In  the  comparison  of 
Orbit  1  and  Orbit  IV  where  the  parallax  is  entirely  neglected 
the  differences  are  so  small  and  at  the  same  tine  are  within 
the  errors  of  computation  that  it  is  quits  evident  that  the 
partial  elimination  has  no  decided  effect  upon  the  orbit. 

The  differences  between  Orbit  V  and  Vl  where  parallax 
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is  completely  eliminated  show  that  Orbit  VI  is  correct  to  three 
places.  Orbit  V,  depending  on  differential  relations,  is  more 
accurate  than  Orbit  VI.  Therefore  the  elimination  formulae 
for  parallax  gire  an  orbit  accurate  to  two  more  places  than  the 
omission  of  parallax.  The  gain  of  two  places  howerer  is  only 
apparent  if  the  errors  of  observation  are  comparable  with  the 
rariable  part  of  the  parallax  corrections.    The  differences 
between  Orbit  11  and  Orbit  111 ^whioh  should  check  are,  however, 
within  the  errors  of  the  computation  except  in  the  case  of  X1 
where  the  largeness  of  the  difference  may  arise  from  an  accu- 
mulated error. 

The  differences  between  Orbit  V  (geocentric  and  bary- 
centric  parallax  eliminated)  and  Orbit  VI  (geocentric  and 
barycentrio  parallax  fully  determined)  are  of  the  greatest  im- 
portance and  interest.  The  differences  are  within  the  error 
of  computation  and  it  is  seen  from  them  that  Orbit  vl  is  correct 
to  four  places.   This  is  a  gain  of  two  places  over  Orbit  ly. 
In  comparing  the  differences  between  Orbit  Vl  and  Orbit  IV 
with  the  differences  between  Orbit  V  and  Orbit  Vl  it  is  seen 
that  practically  all  of  the  parallax  corrections  hare  been  taken 

/3L.  (l*4j4sU**+-*~ 

into  account  and  t*to*«  that  remain  are  within  the  error  of  the 
computation.   Therefore  for  oorrt  a  1909  Orbit  V  is  the  most 
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accurate.  The  gain  in  accuracy  of  two  places  Justifies  the 
added  work  in  the  computation. 

Although  the  formulae  for  the  elimination  of  baryoentrio 
and  geocentric  parallax  should  be  used  in  comet  a  1909,  the 
question  presents  itself  whether  this  method  should  be  pursued 
in  all  cases.  As  stated  at  the  beginning  there  is  a  syste- 
matic and  a  variable  part  in  parallax*  The  systematic  part  whict 
alone  was  taken  care  of  in  Orbit  1  gave  but  a  small  correct ion; 
the  variable  part  which  is  the  difference  between  the  parallaxes 
for  the  different  dates  of  observation  and  hence  the  veloci- 
ties in  the  parallaxes  givC5the  largest  corrections,  as  is 
shown  in  Orbit  V.  It  is  evident  therefore  that  if  the  var- 
iable part  in  the  parallaxes  is  not  greater  than  the  arror  of 
the  observation  the  corrections  would  have  no  value,  for  if 
they  were  smaller  the  observations  would  be  corrected  by  a 
correction  to  more  places  than  they  themselves  can  be  relied 
upon.  The  differences  in  the  parallax  are  greater  than  the 
errors  of  observation  only  when  the  comet  is  rapid  moving  and 
fairly  near  the  sun.  Then  the  method  of  Orbit  V  is  to  be  pur- 
sued. In  all  other  oases  the  parallax  is  to  be  entirely  neg- 
lected. 
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